In this paper, numerical computations using the FLAC code are carried out to investigate of the behavior the bearing capacity of strip footings embedded in sandy soil and under large eccentric vertical load conditions. The study focuses on an evaluation of the non-dimensional reduction factor (RF), which is the ratio between the average bearing capacity of an eccentric footing and its bearing capacity when subjected to a central load. The results indicate a significant decrease in RF when the eccentricity increases and the curve of the decrease is parabolic, even in large eccentricity cases. Based on the numerical results obtained, a new formula of the RF is proposed, and the reasons for the discrepancy between the RF proposed by several authors are identified. The values provided by the proposed formula are in close agreement with some experimental results available in the literature.
INTRODUCTION
The bearing capacity of shallow foundations is one of the most important subjects in the geotechnical field. Various theoretical and experimental studies have been published on this subject. Terzaghi (1943) proposed a formula for the bearing capacity of a strip footing subjected to a centered vertical load. This formula was based on an approximate solution, which had used superposition, and the solution of (Prandtl, 1920) . According to (Terzaghi, 1943) and (Prandtl, 1920) , different theories are usable for the computation of the ultimate bearing capacity of shallow foundations subjected to central vertical loads (Meyerhof, 1951; Hjiaj et al., 2005) ; eccentric vertical loads (Prakash and Saran, 1971; Okamura et al., 2002; Nawghare et al., 2010; Krabbenhoft et al., 2012) ; and eccentric inclined loads (Meyerhof, 1953 (Meyerhof, , 1963 Hansen 1961; Purkayastha and Char 1977; Saran and Agrawal 1991; Loukidis et al., 2008; Yamamoto and Hira 2009; Patra et al., (2012 Patra et al., ( , 2016 ; Ornek 2014; Krabbenhoft et al., 2013; Ganesh et al., 2016) .
Shallow foundations are often subjected to eccentric and/or inclined loads, where the problem becomes more complicated because of detachment at the soil-foundation interface. The most commonly applied equations for the bearing capacity of foundations subjected to eccentric loads are based on the work carried out by (Meyerhof, 1953) and (Hansen, 1961) . Meyerhof (1953) proposed a semi-empirical method to estimate the ultimate bearing capacity of a shallow foundation subjected to eccentric loads; this method is called the effective width, B' = B-2e, where B is the foundation's width, and e is the eccentricity of the load. Prakash and Saran (1971) provided a mathematical formulation to obtain the ultimate bearing capacity of a strip foundation subjected to a vertical eccentric load. Purkayastha and Char (1977) conducted stability analyses of an eccentrically loaded strip footing supported by sandy soil using the method of slices. They introduced a non-dimensional reduction factor (RF) to obtain the bearing capacity of an eccentrically loaded footing from the value of a similar centrally loaded footing. Saran and Agarwal (1991) carried out a limit-equilibrium analysis for calculating the bearing capacity of rigid strip footings with a rough base under eccentric inclined loading conditions. Okamura et al., (2002) carried out centrifugal model tests to study the effect of shape and size on the bearing capacity of rectangular footings under vertical eccentric loading on sand. Loukidis et al., (2008) used the finite element method to study the bearing capacity of a shallow foundation on sand subjected to eccentric and inclined loads; these authors demonstrated that for an eccentricity e (0 < e ≤ 1/3B), the results were very close to the approach of Meyerhof's effective width. Yamamoto and Hira (2009) used the finite element method to calculate the bearing capacity of shallow foundations under eccentric loads. Based on their numerical results, these authors clearly demonstrated that the bearing capacity calculated using Meyerhof's equation, which is expressed in terms of an effective width B−2e, is not accurate and tends to overestimate the bearing capacity, particularly when the eccentricity ratio is large (e/B ≥ 1/3). Krabbenhoft et al., (2012) also used the finite element method to evaluate the bearing capacity of eccentrically loaded footings in cohesionless soil for the eccentricities in the interval 0 to 0.5B with varying surcharges, without using an approximate superposition of the contributions from the self-weight of the soil and the surcharge. They demonstrated, contrary to past authors (Yamamoto and Hira, 2009) , that in a case of no surcharge, the results correspond greatly with the results obtained by the effective width approach. Based on the work of (Purkayastha and Char, 1977) , Patra et al. (2012) carried out experimental tests for a strip footing subjected to an eccentric and inclined load embedded in sandy soil. Ganesh et al., (2016) performed a regression analysis of the values of the bearing capacity taken from laboratory model tests reported in the literature by different researchers; they proposed an empirical RF for determining the ultimate bearing capacity of shallow strip foundations supported on sand under eccentric and/or inclined loads.
Several reduction factors have been proposed by many authors. The average bearing capacities obtained from these factors are largely different, especially in the case of a strip footing subjected to vertical and eccentric loading on sandy soil. Nevertheless, despite all this research, there is still some ambiguity about the behaviour of the bearing capacity with an increase in the depth of a footing subjected to vertical and eccentrically loading conditions. In the present work, numerical simulations using the finite difference method and the Fast Lagrangian Analysis of Continua 2007 (FLAC) code were carried out to study the behaviour of the bearing capacity of a shallow strip footing subjected to vertical centric and large eccentric loading conditions.
Moreover, the aim of the present study is to first make a contribution related to the evaluation of the RF characterising large eccentric footings and then to thoroughly check the scientific reasons for the discrepancy between the RF proposed by several authors. This paper hopes to facilitate future research by leading the way and providing a clear and detailed explanation of the subject.
OVERVIEw OF PREVIOUS wORk
Following the generalised formula of (Terzaghi, 1943) , the bearing capacity of a strip footing with a width B, embedded in the soil at a depth D f , and subjected to a vertical central load, is generally expressed as:
(1)
Where q u is the ultimate bearing capacity per unit area of the foundation; c is the soil cohesion; γ is the soil's unit weight; and B is the width of the footing; Nγ, N c and Nq are the bearing capacity factors for a shallow foundation, depending only on the soil friction; φ, d γ , d c and d q are the depth factors.
In addition to vertical loads, foundations are often subjected to eccentric loads; for example, in the design of foundations for lightweight buildings, masts, pylons, steel chimneys, and wind turbines, eccentricities will invariably occur. For these eccentric load cases, Meyerhof (1953) proposed a formula for the bearing capacity called the effective width method. This formula is derived from the Terzaghi formula; it considers a reduced width B' of the footing instead of the actual width B. Where B' is the effective width of the foundation, which is equal to the width of the foundation minus twice the distance of the eccentricity, B' = B -2e, while e is the load eccentricity as depicted in Fig. 1 below.
The principle, therefore, of the concept of the Meyerhof method is to substitute the actual width B with an effective width of B' = B -2e. The effective ultimate bearing capacity q' u is thus applied to this effective width. In order to allow comparisons between the present work and the effective width method, it is necessary to first establish the average ultimate bearing capacity q uavr applied to the entire width B of the footing. This average ultimate bearing capacity is the ratio of the ultimate vertical load Q u to the width B, which can be deduced from Eq. (1), as modified by Meyerhof's concept. Q u can be written for a cohesionless soil (c = 0), as:
( 2) The average ultimate bearing capacity per unit of the actual area of a strip foundation can then be written as:
( 3) The rearrangement of Eq. 3 gives:
(4) According to various authors, including (Prakash and Saran, 1971; Purkayastha and Char, 1977; Patra et al., 2012; Ganesh et al., 2016) , the RF is expressed as:
= the ultimate vertical load per unit length of a footing with an embedment ratio (D f /B) and eccentricity e; = the ultimate vertical load per unit length of a footing with an embedment ratio (D f /B) and eccentricity (e = 0); = the average vertical ultimate bearing capacity of a strip footing at a given depth with a load and at an eccentricity e with respect to the central vertical axis of the footing; and = the ultimate vertical bearing capacity of a footing with centric loading (e = 0) at the same depth D f .
Following the concept of RF, Purkayastha and Char (1977) carried out stability analyses of eccentrically loaded strip foundations supported by frictional soil using the slice method. They proposed the following RF:
According to the authors, the parameters b and c are independent of the soil friction angle φ and depend only on D f /B. When D f /B varies from the value zero to one, b varies from 1.862 to 1.820, and c varies from 0.730 to 0.888.
Based on the work of (Gottardi and Butterfield, 1993 ) and on the results obtained from a numerical analysis, Loukidis et al. (2008) proposed the following mathematical formulation of the RF:
Patra et al., (2012) carried out experimental tests on a strip footing subjected to eccentric and inclined loads and embedded in sandy soil. Based on the work of (Purkayastha and Char, 1977) , they proposed the following empirical relationship for RF:
Eq. 8 shows that, for a strip footing subjected to vertical and eccentric loadings, the D f /B ratio has no effect on the average ultimate bearing capacity. Moreover, for the case where D f /B=0, with vertical and eccentric loading conditions, the RF proposed by (Patra et al., 2012) clearly overestimates the average ultimate bearing capacity, as will be explained in detail below. Ganesh et al., (2016) proposed an empirical formula for the RF. According to the authors, this was developed after analysing a series of laboratory model test results available in the literature. The empirical RF is expressed as: (9) where n = 2 for (9a) and for for (9b)
NUMERICAL MODELLING PROCEDURE
This work deals with a numerical study of the bearing capacity of a rigid, rough strip footing of width B, embedded at a depth D f in a sandy soil and subjected to an eccentric vertical load. The soil is assumed to be elastic and perfectly plastic following the Mohr-Coulomb failure criterion with an associated flow rule. The finite difference code FLAC (2007) is used. This code is an efficient tool in the analyses of problems of the bearing capacity of different foundation systems. This efficiency has clearly been demonstrated in analyses conducted by (Benmebarek et al., 2012; Massih and Soubra, 2007; Michalowski and Dawson, 2002) .
The physical and mechanical characteristics used in the present study are: the shear modulus G = 10 MPa, the elastic bulk modulus K = 20 MPa, the soil unit weight γ = 20 kN/m 3 , and a series of four values of the angle of the soil's internal friction φ = 25-40° with an increment of 5°. For each φ value, three values of the embedded ratio (D f /B = 0, 0.5 and 1) are considered, and for each couple (φ, D f /B), four values of the eccentricity ratio (e/B = 0, 0.1, 0.2, 0.3 and 0.4) are considered. The rigid footing was also discretised as depicted in Fig.  2 . It is assumed to be elastic material with parameters considered to be comparatively very high, with the soil support, namely a shear modulus G = 1.65 GPa and a bulk modulus K = 1.85 GPa. To simulate the soil-foundation contact, interface elements defined by Coulomb's shear-strength criterion encoded in FLAC were placed between the soil and the footing laterally and at the base of the foundation. The interfaces were defined with a friction equal to the soil friction and a null cohesion. These values taken for the interface are based on the FLAC manual recommendations.
The domain study boundaries were located at a height H = 5B and a width L = 28B respectively. The domain study was chosen to be very large in order to minimize any boundary effects.
The bottom boundary was assumed to be fixed in both directions, and the vertical boundaries were restrained in a horizontal direction, as shown in Fig. 1 . The numerical model is discretised into elements of different dimensions. The mesh is refined near the edges of the foundation because these points present singularities caused by the abrupt change in the direction of the displacement in their vicinity, as mentioned in (Loukidis et al., 2008) among other authors. Fig. 2 shows the mesh used for this analysis.
The loading of the strip footing was simulated by imposing a vertical downward velocity to the upper node of the foundation situated at a distance e from the footing's centreline equal to the eccentricity of the vertical load. Five values were used for e/B in this study. These values were 0 to 0.40, with an increment of 0.10 (see Fig. 1 ). In order to develop an acceptable analysis scheme for the later computations, preliminary simulations were carried out by testing the size of the domain, the grid, the boundary conditions, and the magnitude of the downward applied velocity.
The modelling procedure used two steps. In the first one, the geostatic stresses were computed assuming the soil to be elastic. At this stage, some stepping is required to bring the model to equilibrium. In the second step, a downward velocity of 10 -7 m/step was applied, until a steady plastic flow was achieved (i.e., until a constant pressure was realised). A large number of steps are necessary for each simulation to reach the limit load.
RESULTS AND DISCUSSIONS

Vertical central loading
Some preliminary analyses were carried out in order to validate the results. These included the calculation of the bearing capacity factor N γ of a rough rigid strip footing of a width B = 1.0 m resting on a cohesionless soil of Mohr Coulomb and subjected to a central vertical load for the values of a friction angle equal to 25°, 30°, 35° and 40°. In all the tests, the soil unit weight was taken as γ = 20 kN/m 3 . The results obtained using the FLAC software are given in (Tab. 1).
Tab. 1 also presents a comparison of the present values of Nγ (the central vertical load) with other authors. As can be seen, the FLAC N γ values are in perfectly good agreement with those obtained in the literature, see (Hjiaj et al., 2005; Krabbenhoft et al., 2012; Meyerhof, 1963; Hansen, 1961; Loukidis et al., 2008; Yamamoto and Hira, 2009; ) .
These preliminary results have confirmed the suitable choices of the mesh and the velocity of the loading used for the numerical modelling. The simulations related to the eccentric loading could then be undertaken.
Embedded strip footing subjected to vertical eccentric loading
The values of the bearing capacity for D f /B = 0, 0.5, 1 and e/B = 0, 0.1, 0.2, 0.3 and 0.4 are listed in (Tab. 2). It can be seen that the increase in e/B brings about a decrease in the average bearing capacity. Table 2 also shows an increase in the bearing capacity values with the increase in D f /B. The values of the RF reported in (Tab. 2) are calculated from the numerical values of the bearing capacity by using Eq. 5. Fig. 3 illustrates the variations of the non-dimensional RF with the variations of e/B taking the values 0 to 0.15 and for three values of the embedment of the foundation (D f /B = 0, 0.5 and 1). Moreover, Fig. 3 shows a comparison of the variations of RF obtained by the present numerical analysis with the experimental values of RF reported by (Patra et al., 2012) .
The results are presented as a non-dimensional factor expressing the ratio of two mean pressures; the first pressure is due to the ultimate eccentric load and the second to the ultimate central load.
This RF factor permits avoiding and neutralising scale effects when comparing the numerical models with the experimental prototypes. It can be seen in Fig. 3 that the finite difference code FLAC values match very closely with the experimental results reported by (Patra et al., 2012) .
According to (Meyerhof, 1953) , the decrease in the average bearing capacity with the increase in the e/B could be explained by the 
decrease in the contact pressure beneath the footing. Furthermore, when the limit state is reached, the foundation tilts towards the side of the eccentricity. The contact stress distribution for an eccentrically loaded footing is typically assumed to be linear in design. However, it should be understood that this is a simplification of the actual distribution, which is not even approximately linear (Meyerhof, 1953; Loukidis et al., 2008; Yamamoto and Hira, 2009) . Indeed Fig.  4 shows the vertical stress distribution beneath a rough strip footing when subjected to a vertical centric loading (e/B = 0) and the stress distribution for eccentric conditions e/B = 0.1, 0.2, 0.3 and 0.4 as obtained by the FLAC code in the case of a cohesionless soil with an angle of friction φ = 30° and the footing resting on the surface of the soil (D f /B = 0). In the case of the vertical centric load conditions, the vertical stress distribution is symmetrical with respect to the center of the footing, and the maximum value of the distribution is obtained at the center of the footing. On the other hand, for eccentric loading conditions, the vertical stress distribution is not symmetrical, and the contact surface becomes smaller as the e/B increases. This is in good agreement with the loss of contact between the footing and the soil at the back edge of the footing. Furthermore, the maximum normal stress occurs almost at the point of the application of the eccentric load.
The normal stress distribution contact beneath the footing as depicted by Fig. 4, subjected to vertical centric and eccentric loading conditions, is clearly not linear at all, but its shape typically changes in size with the increase in e/B. This is in good agreement with the experimental observations of (Meyerhof, 1953) and with (Yamamoto and Hira, 2009) , who obtained similar shapes of the normal stress distribution; some zigzags affecting the stress curves were present, but they were most likely due, according to (Yamamoto and Hira, 2009) , to the effect of the discretization of the continuum in the finite element method, the interpolation from the integration points of the elements, and the average value for the nodes constituting several elements.
The zone mobilized in the limit state of the rupture of the soil beneath the footing is represented by contours of the maximum shear strain increment in Fig. 5 . The figure shows some cases of the collapse mechanism as obtained from the present analyses for φ = 40° and for e/B = 0, 0.2 and for D f /B = 0, 1. Many similar plots are not presented for lack of space. The FLAC finite difference code provides a mechanism, which is in close agreement with that of the rigorous solutions (Okamura et al., 2002) . One could see that the size of the mechanism becomes smaller as e/B becomes larger, which means that the lowest average bearing capacities correspond to the highest eccentrities. However, for a given e/B, the size of the mechanism becomes greater with the increase in D f /B. . 4 Distribution of the normal stress contact below the footing under centric and eccentric vertical loadings, for φ =30° D f /B=0. X, horizontal distance from the footing's centerline; σ n , normal stress.
As can be seen in Fig. 5 , and following the terminology used by (Bransby and Randolph, 1998) , the collapse mechanism consists of two parts; i.e., the first part, a 'wedge' part is on the side upon which the load is applied, and the second part, a 'scoop' (rotational part), is located on the other side. The 'wedge' has two components, i.e., a passive wedge and a fan region. Plastic shearing occurs inside both the fan and the passive wedge. On the other hand, the plastic shearing in the 'scoop' part tends to occur along the single convex shear band bounding the rotating 'scoop', with plastic deformations developing inside the 'scoop'. Fig. 6 shows a comparison between the present values of the RF obtained from the FLAC simulations for a friction angle φ = 40° and the different values of D f /B. As could be expected, the RF increases with the embedment of the footing in the same manner as revealed by the experimental results reported by (Patra et al., 2012) , which also means an increase in the bearing capacity with the increase in D f /B. Furthermore, Fig. 6 raises some issues: the RF proposed by (Purkayastha and Char, 1977) shows some agreement with the RFs of other methods for small eccentricities (e/B ≤ 0.15); it tends to be linear but then overestimates the value of RF with the increase in the e/B; this is clearly observed in the case of (D f /B=0) (see Fig. 6a ). Indeed, the value of the error is greater and more easily observed in the case of (D f /B=0). Regarding the method suggested by (Patra et al., 2012) , it invariably gives the same results regardless of the depth of the footing for an eccentric vertical loading. This contrasts with the experimental results presented by the same authors (Patra et al., 2012) , where it was obvious from the experimental data that the RF increased with the depth of the footing.
This same issue was raised by (Ganesh et al., 2016) ; according to these authors, this error might be due to the fact that the effect of D f /B was not taken into consideration for computing the RF in the presence of eccentric loads.
The RF of (Patra et al., 2012) is clearly linear for all the cases of the embedded ratio D f /B, which makes it markedly overestimated in the case of (D f /B=0) and tends to be in some agreement with the other methods as much as the depth of the footing increases.
As the concept of RF proposed by (Patra et al., 2012) is based on the effective width concept proposed by (Meyerhof, 1953) , and in the case of a strip footing rests on a free surface, the evaluated bearing capacity that used this suggestion is not an average.
The RF proposed by (Ganesh et al., 2016) is generally in good agreement with that reported by authors such as (Meyerhof, 1953; Hansen, 1961; Loukidis et al., 2008) . For the case of a strip footing resting on a free surface and under eccentric vertical load conditions, the suggestion of (Ganesh et al., 2016) for the evaluation of the RF coincides perfectly with that proposed by (Meyerhof, 1953) , as shown in Fig. 6a , where the concept behind this suggestion is the same as that of Meyerhof's method [(B'/B) 2 ]. However, in the case of (D f /B ≠ 0), the empirical method suggested by (Ganesh et al., 2016) is totally different from Meyerhof's method. It is based on a power (n), Eq. 9b, where (n) is a non-linear function of the embedded ratio Figs. 6b and 6c , the method gives reasonable values for the RF, but tends to provide RF values slightly higher than Meyerhof's results.
In addition, in this case (D f /B ≠ 0), Ganesh's concept was to provide an expression of RF that had to take into account both the eccentricity and the embedment in the soil in the same formula. This idea, besides being very interesting, is aimed at substituting the exponent equal to 2 in the initial formula of Meyerhof to an exponent equal to an expression n, i.e., a function of the embedded ratio D f /B, Eq. 9b. However, it might be noted that the exponent n in Eq. 9b should converge to the value of 2 when D f /B converges towards the value zero to be consistent with Eq. 9a, but, from the point of view of mathematical rigor, this convergence does not occur. To overcome that problem, it could be proposed that the condition in Eq. 9a might be replaced by (0 ≤ n ≤ 0.025) and in Eq. 9b by the condition (n > 0.025).
Following the above ideas, one can conclude that it has become clear that a design with an exponent depending on the variables of the problem (embedment, eccentricity, etc.), in the concept of the RF needs to be quantified in our present numerical study. To do this a greater understanding of the behaviour of the bearing capacity with the increase in e/B is needed.
According to (Meyerhof, 1953) , the bearing capacity decreases approximately parabolically, with the increase in e/B. This may be limited to cases where the strip footing is resting on a free surface or where the amount of the embedment is small. The decrease in the RF becomes approximately linear with the increase in D f /B, as is shown in Fig. 7 . In other words, in the case of a strip footing resting on a free surface, the behavior of the bearing capacity with the increase in e/B is parabolic and tends to be linear as much as the depth of the footing increases, whatever the large value of e/B is. That means that increasing the depth of the footing has a positive effect on the bearing capacity of a strip footing under vertical eccentric loads.
One can see that, in order to build a concept that provides consistent and appropriate values of RF, the varying of the behaviour of the bearing capacity with both the increase in e/B and D f /B should be taken into consideration.
Following this concept and based on a review of published studies related to the estimation of the ultimate bearing capacity of shallow strip foundations subjected to eccentric vertical loading, and also mostly based on the present numerical analysis, we will try to propose an analytical formula for calculating the RF in this paper. It should be pointed out that the concept of RF proposed by almost all the authors is based on the effective width concept proposed by (Meyerhof, 1953) . Thus, it can initially be assumed that:
where the factor k is a function of D f /B. In order to find the suitable mathematical expression of k, the scientific workplace software 5.5 has been used. Several numerical analyses were carried out on a rigid strip footing subjected to an eccentric vertical load. Three values of the soil friction φ = 30°, 35° and 40° were retained for the numerical computations; for each friction value, five values of the D f /B ratio 0, 0.25, 0.5, 0.75 and 1, and five values of the e/B ratio 0, 0.1, 0.2, 0.3 and 0.4 were considered. Furthermore, using a nonlinear leastsquares method, the expression of k as shown in Eq. 11 was determined by minimizing the mean square error between the proposed model and the numerical data. The variation of the factor k with D f / B is shown in Fig. 8 . (11) It has been determined that the value of k only depends on D f /B. This confirms the previous work of ( Purkayastha and Char, 1977; Ganesh et al., 2016) . The RF can then be expressed as: (12) This proposed analytical equation of the RF is represented in Fig.  6 for the value of φ = 40°; as can be seen, the proposed RF is efficient for calculating the ultimate bearing capacity of shallow strip foundations embedded in cohesionless soils subjected to vertical eccentric loads. The RF computed from the present numerical analysis compares well with the generally used theoretical, numerical and experimental results existing in the literature.
CONCLUSIONS
The FLAC finite difference code was used in this paper to evaluate the bearing capacity and the RF for rough, rigid strip footings subjected to large eccentric vertical loads and embedded in cohesionless Mohr-Coulomb associated soils. Based on the numerical analyses and the results presented in this paper and within the range of the parameters tested, we can reach the following conclusions:
1 -The distribution obtained from the normal contact stresses confirms that the decrease in the bearing capacity with the increase in the eccentricity is due to the loss of contact between the footing and the soil at the back edge of the footing and is in good agreement with Meyerhof's effective footing width; 2 -It has been determined that the RF is independent of the angle of friction and depends only on e/B and D f /B as observed by (Purkayastha and Char, 1977) ; Fig. 7 Values of RF obtained from the present numerical analysis for D f /B = 0, 0.5, 1 and, e/B are variable from 0 to 0.4. Fig. 8 Variation of the factor k with D f / B.
-
The empirical relationship suggested by (Patra et al., 2012) overpredicts with a maximum error in the case of a strip footing resting on a free surface (D f /B= 0) under eccentric loading and tends to be in some agreement with the other methods as much as the depth of the footing increases. This error is due to the fact that in the formula proposed by (Patra et al., 2012) , the bearing capacity is not an average; 4 -The variation of RF with the increase in the eccentricity ratio is parabolic and tends to be linear as much as the depth of the footing increases. In other ways, increasing the depth of the footing has a positive effect on the bearing capacity of a strip footing under vertical eccentric loads; 5 -Based on the present finite difference analysis results, a new RF formula was proposed, which compares very well with the experimental results reported by (Ganesh et al., 2016) by performing a regression analysis of the laboratory model's test results reported by different researchers.
